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■ The formalism for computing the signal-to-noise ratio (SNR) for laser radar 

is reviewed and applied to the tasks of target detection, direction-finding, 
CN I and phase change estimation with squeezed light. The SNR for heterodyne 

O ! detection of coherent light using a squeezed local oscillator is lower than that 

^ . obtained using a coherent local oscillator. This is true for target detection, 

for phase estimation, and for direction-finding with a split detector. Squeezing 
the local oscillator also lowers SNR in balanced homodyne and heterodyne 



a: 



detection of coherent light. Loss places an upper bound on the improvement 
^ I that squeezing can bring to direct-detection SNR. 



OCIS codes: 270.0270, 270.6570, 280.5600, 040.2840 



1. Introduction 



Squeezed light was proposed in [1] as a means of reducing noise in interferometers used as 
gravitational- wave detectors. In that article the impact of loss on performance improvement 
due to squeezing was noted. In laser radar applications, loss from spreading and absorption 
in the target-return beam can be severe [2] . It is therefore natural to investigate the potential 
of using squeezed light in the local oscillator of a heterodyne laser radar system [3-5] , since 
the loss suffered by the local oscillator beam will be minimal. Here we review relevant signal 
detection theory and quantum optics formalism, and compute the signal-to-noise ratio (SNR) 
for several application scenarios. In all the cases we examine we find that squeezed light offers 
no advantages for laser radar. 

This paper is organized as follows. Sec. [2] and [3] review relevant aspects of signal detection 
theory. SecHJobtains explicit forms for quantum operators that will be used in the subsequent 
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analysis, and Sec. [5] shows how they fit into the heterodyne detection approach. The SNR for 
heterodyne target detection using a squeezed local oscillator is derived in Sec. [6] and is shown 
to be lower than that obtainable with heterodyne target detection with the usual coherent 
local oscillator. The expression for SNR is given in term of conventional parameters in Sec. 
[7] and is extended to include nonunity quantum efficiency in Sec. [HJ Sec. [9] presents and 
analyzes models of heterodyne and direct-detection direction-finding using a split detector, 
and shows that here too squeezing the local oscillator of the heterodyne system yields no 
advantage. Sec. [10] looks at heterodyne detection of phase. Sec. [TT] extends the result of Sec. 
[6] to the case of balanced detection. The Appendix examines direct target detection with 
squeezed light and derives limits on SNR improvement. 

2. Signal-to-noise ratio 

From [6], Ch. IV, "Quantum Hypothesis Testing:" 

"Suppose that when the signal is present, it is repeated during some number M of ob- 
servation intervals of duration T. Let Xk be a set of data samples taken in the k th interval, 
k = 1, 2, ... , M. We assume these are statistically independent from one another. Let g(xk) 
be a statistic formed from the data x, and let the choice between hypotheses H and Hi be 
based on the sum 

M 

G = Y,9{x k ) (3.2) 

k=l 

of the statistics for each interval. . . Hypothesis Hi is selected if G exceeds a certain decision 
level Go- 

"When M is very large, the p.d.f. [probability density function] of the statistic G is very 
nearly Gaussian, by virtue of the central limit theorem, and the false alarm and detection 
probabilities are approximately 

Q ~erfc(0, Qd ~ erfc(£ - D g M 1/2 ) (3.3) 

where 

l2 



with 

Var s = E(g 2 \H ) - [E(g\H )] 2 (3.5) 

the variance of the statistic g under hypothesis H . [E(g\Hi), i = 1, 2, is the "expected value" 
or "mean value" [7] of g when hypothesis Hi holds.] We call D 2 the equivalent signal-to-noise 
ratio (e.s.n.r.)." 

For direct detection Varog = 0, so Varig, the variance of the signal when it is present (i.e., 
when Hi holds) will be used. See Appendix. 
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3. Quantum hypotheses and statistical measures 

When hypothesis Hi holds, the quantum state is \ipi), % — 0, 1. The mean value of S when 
Hi holds is 

E{sm = (^|£|^>, (i) 

where S is the operator corresponding to the quantity S. The variance of 5" when Hi holds 
is 

Var^=(^|5V,)-(^|5|^) 2 - (2) 
Using (HD and © in (3.4) and (3.5) of Sec. El and taking g = S, 

4. Operators 

The positive-frequency part of the electric-field operator is 



where ( = 1,2 is the polarization index, /x = 1,2,3 is the Cartesian index, and ^^^^ is the 
(real) polarization vector [8]. For suitable broadband detectors, the operator corresponding 
to the photoelectric current at time t (in units of the electron charge) is 

T(t) = E^El~\t)El + \t) (5) 

where 

E { ~\t) = (E^(t))\ (6) 

and where the sensitivity function s u/Ji is constant and symmetric. Using (T4]) and (JB|) in <^}, 

T(t) = Y -At (^?) 1/2 4 ar, e^r ~ £f £p s (7) 

The following functional of 7(t) will play a key role (see Sec. [5] below): 

S = r- 1 r dt cos(u H t + 9 H )I(t). (8) 

JO 

Using © in ®, 

k,£,l,p,(i,v S.t. \uif — luj:\=ujh 
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where 



From (ED 



e(x) = sign of x. (10) 



h " 2 



s 2 = E E (^^) 1/2 

^ ' k,C,l,p,^i,ii S.t. |uir — w^|=u;£f k' ,C ,1' ,(S ,v' S.t. |o)p — wg, |=(^// 

a i,p%c ?,p> k',<;' e £ i, P ,u £ k,c^ u ^ £ i', P 'y £ k',c'^' u ^ \ ' 

5. Heterodyne signal 

As pointed out above, our motivation for investigating the use of squeezed light in a het- 
erodyne laser radar system is the presence of the essentially loss-free local oscillator beam. 
In the heterodyne approach to target detection [2], the mixing of the local oscillator with 
the light reflected from the target generates a current in the photodetector which oscillates 
with angular frequency oj h and phase Oh, where uj h and H are respectively the frequency 
difference and phase difference (at the detector location) between the light from the local 
oscillator and the light reflected from the target. 

Let I(t) denote the total photoelectric current (in units of the electron charge) produced 
by the photodetector at time t of a given experimental run. Then the statistic g we will use 
for heterodyne detection is the Fourier component of I(t) at a angular frequency ujh and 
phase Oh, which we will denote by S: 

S = r^ 1 r dt cos(aj H t + H )I{t). (12) 
Jo 

The average of this signal is 

(S) = r - 1 f T dt coa(uHt + 9 H )(I(t)). (13) 
Jo 

Here and subsequently, mean value is denoted by angle brackets "( )." We assume that ujh 
and Oh do not vary from one run of the experiment to another; i.e., 

{uj h ) = UJ H , (14) 
(0 H ) = Oh- (15) 

6. Heterodyne target detection with squeezed local oscillator 

Let |0)j££ denote the vacuum state for mode k,( of the electromagnetic field. We consider 
the class of squeezed states [8] parameterized by two complex numbers a, £ and defined as 

\^0u- 3 ( a kMkc\°ho ( 16 ) 
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where the displacement operator D^a)^^ and squeezing operator Q(£)%£ for mode k,( are, 
respectively, 

D ( a )k,( = ex P ( a 4,c - a *%c) > ( 17 ) 



Q(Qk,c = ex P 



For £ = the squeezed state \ct,Ok( reduces to the coherent state \cn)^/. 

So, in the absence of the coherent signal reflected from the target (null hypothesis, Hq), 
the full quantum state is 

km = m>lo n i%, c - ( 2 °) 

When the signal is present (alternative hypothesis, Hi), the state is 

\^i) = \/3) T \a,0LO II \°)k,c ( 21 ) 

Here T and LO are shorthand for fc, ( for the target return signal and local oscillator, 
respectively 

Taking for concreteness ojt — oj lo = uj h > 0, and using (jOJ), (1201) and (1211) . 

(^ol^o) = 0, (22) 

since the only possible nonzero term, a LO aio, is forbidden by the restriction on the summa- 
tion in (JOJ, and 

(WSWi) = 7^77 ^ T u LO ) 1 ' 2 \a\\P\ cos(9 T - 9 LO + 6 H ) (23) 

AEqV 

10 H < W T , W,/ < U) < LO , (24) 

~ u LO = uj, (25) 
(i>i\S\il>i) = ^ \a\\(3\ cos(£ T - 6 LO + 9 H ) (26) 

ZEqV 

6 T = &rgf3, io = arga, (27) 



Assuming 



so 



231 becomes 



Here 



and 



K = J2 £ lo,u eT,pS vtl . (28) 



The analysis presented here has left out phase factors in directions normal to the detector 
surface. Had those been included, the argument of the the cosine in (1231) would have terms 
dependent on the location on the surface of the detector, unless both wave vectors, Tand 
LO, were normal to the detector surface. So, unless both wave vectors are sufficiently close 
to normal so that the respective wave fronts are parallel to the detector surface to within less 
than a quarter wavelength over the surface, the net signal from the entire detector surface 
will add to zero (i.e., zero mixing efficiency). Assuming that the polarization of the target 
return signal is also parallel to that of the local oscillator, we can rewrite (128]) as 

« = E £ LO,u £lo,»Svh- (29) 

V, fj, 



Using (Hip and fl20j). 

(Ms 2 \tPo) = (4^7) E E ^lo^i) 1 ' 2 

^ ' k,C,,p,ii S.t. \ujlO~ Utl^WH l',p',p',u' S.t. \u>p — lolO \ = b>H 

£LO,uSk,Cu, S ^ £ r',p',u' £ LOyS u/fl >. (30) 



Neither k, ( nor I', p can be LO, due to the restrictions in the summations arising from the 
heterodyning. If k, £ ^ l f , p then and at , can commute, yielding zero since the non-LO 
modes are in the vacuum state. So the only surviving terms are those for which k, ( = I', p: 



(^o|5 2 |^ ) = (7A7) E u lo^% u lo (E^O-^CmV' ) > ( 31 ) 



k,C, s.t. \u) LO -UlA=UJH 



or, using ( |24j) and ([25 



2 

4e V 



E (E £ io, 

fc,C, S.t. u % =u LO ^ 



M>l#Vo> = 2(^) n LO [Y. £ lo,uS U4 s, u \ , (32) 



where 



n L o = Lo(a,£\nLo\a,0LO, (33) 

nLO = a LO a LO - (34) 

In going from ( I3TT) to ( 1321) the expression for (■?/>o|5' 2 |V ; o) picked up a factor of "2." This 
is as a result of contributions in the sum in (l3Tj) coming not only from modes with k such 
that u;^ = + ^i? — ^t, but also from modes with k such that cj^ = ujlo ~ ^h- The latter 
modes are termed "image band" modes [9]. 
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The argument about mixing efficiency doesn't apply here to the sum in parentheses in 
(13TT) since the nonzero terms come from raising and lowering operators corresponding to the 
same mode. Define 

( K T = E (E^o.^c,^) • ( 35 ) 

k,C, S.t. u % =u ho ^ ' 

Since the sum over k, ( contains the term k, ( = LO 

> (^) 2 , (36) 

where k is as given in ( l29i) . If the field of view of the detector is such that the only modes 
satisfying the constraint uj^ = ujlo have k colinear with the wave vector of the local oscillator, 
then 

(k') 2 = k 2 . (37) 

Let L tr be the transverse size of the quantization volume (here taken to be equal to the size 
of the detector), and let Q be the solid angle of the detector's field of view. Then, since the 
transverse components of the wave vector are quantized in units of 2it/L tr and are assumed 
to be much smaller than the other component (in the direction of the local oscillator wave 
vector), 

l Af (38) 



J\2 



K 



where 



k S.t. u)^=lolo 



max(|fc| 2 fi/((27r)/L tr ) 2 ,l) 

max((L tr /\) 2 n,l), (39) 



with 



A = 2ttc/uj (40) 
the wavelength of the local oscillator and 

[x] = integral part of x. (41) 

E.g., for A = 10^ ^m, Li r — 10 ^m, and f2 — (1 mrad) 2 , J\f equals unity. Changing Lf r to 
10 _3 m and Q to (10 mrad) 2 changes M to 100. For the remainder of this paper we will set 

Af = 1, (42) 

implying that ( 1371) holds. 
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Using (|35|) and (13?)) in (|32|), 



(HS 2 \^o) = 2f=f ) n LQ . (43) 



Using (|22D, (|23D, and (JS} in (J3 
D 



2 2H 2 |/?| 2 cos 2 (# r -# LO + 0tf) 



5 n LO 

= 2fl-^-^^ r cos 2 (^-^ L o + M (44) 
\ n LO J 

where 

n T = T {P\n T \P)T, (45) 
ut = a) T aT, (46) 
and r is the squeezing parameter, nonnegative by definition: 

r=|£l- (47) 
These quantities and (1331) . (134)) satisfy the relations [8] 

nLO = |«| 2 + sinh 2 (r), (48) 

n T = |/?| 2 , (49) 

which have been used in obtaining (1441) . From 044p it is clear that squeezing the local oscillator 
decreases the signal-to-noise ratio. 
As can be seen from ( )48|) . the value of r is constrained by 

sinh 2 (r) < ulo- (50) 

The case of equality in (150]) is termed the "squeezed vacuum." 

7. SNR in terms of conventional parameters 

For a mode with expectation value of the number n, the total energy is E = hujn. Hence 
the average energy density is pe = E/V = hun/V, the average energy flux is $ = p^c = 
koine/ V, and the average power is P = §eA = huncA/V , where A = L\ T is the area of 
the quantization region (transverse to the wave vector of the mode in question). Using these 
with (T23]), 

<^i|^i> 2 = 4n (t^-) 2 PloPt cos 2 (e T - e LO + e H ) (i - (5 i) 

c z A z \2e J \ n LO I 
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Let L be the dimension of the quantization region parallel to the wave vector, 



L = V/A, (52) 

and, following [9], define the quantization time T to be the time light would traverse this 
length, 

T = L/c = V/cA. (53) 
Taking the effective bandwidth B to be [2] 



31) becomes 



so 



B = 1/2T, (54) 



<^ 2 |^=(^) 2 ^P,o, (55) 
huB \ n LO J 

8. Quantum efficiency 

Quantum efficiency is a measure of the extent to which photons are lost to the detection 
process. This loss is incorporated in the model by allowing both the target-return beam T and 
the local-oscillator beam LO to pass through a beam splitter before reaching the detector [10]. 
(Naively, one might think that the quantum efficiency would involve the sensitivity function. 
As seen in Sec. 6, this is not the case, since both the signal and the noise scale with the 
sensitivity function.) 

Let be the lowering operator at the detector. This is related to the operator at the 
input port to the beam splitter by 

where 0/ in )££ and a*r vac \%£ are respectively the operators at the input and vacuum ports of 
the beam splitter, and t^^ and are the (possibly wavelength or polarization dependent) 
c-number transmission and reflection coefficients. 

Using (157]) in (jHJ), we find the heterodyne signal operator to be 

Sb = -At E (<*>f"j) 1/2 

k,t,l,p,fi,v S.t. \u>f- u>~\=u H 

^t, P a (in)l,p + r tp a \vac)0 ^C a Mfc,C + r KC a {vac)k,t) 
-ie{u) T - u f )e H /ro\ 
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The null-hypothesis and alternative-hypothesis states are, respectively, 

\lpBfi) = |V'(in),0>|V'(iwc),o), (59) 

\lpB,l) = \lp(in),l)\lp(vac),o): (60) 

where 

\tp(vac),o) = ni°)(««)» ( 61 ) 
k,c 

l#n), ) = II l°)(m),fc,cl a '0(m),iO, (62) 

l^(m),l) = II |0)( in ),fe >C l«,C)(m),io|/3)(m),T- (63) 

Using d58D-d63D, defining 

9 B = arg(t* t T ), (64) 
and taking the polarizations of the local oscillator and target beam to be the same, we obtain 

(^b,o\S b \^b,o) = 0, (65) 
(^,i|^|^,i> = \t LO t T \ (j^jf) (" - sinh^r)) 1 / 2 ^ 2 cos(6 T - 6 LO + 9 H + B ), (66) 

<^,o|£||lM = 2 l^ol 2 (|^) nxo. (67) 

From d55J and (IBTjl 

VaroS's = (^b, |<5b|^b,o) - {^Bfi\S B \^Bfi) 2 

= 2foo1 (s^)"- (68) 

Using ([65]), (EE]), and (EHD, the SNR is 

= ((^B,i|£b|^B,i) _ (^B,o|£B|V'B,o) 2 /V ar O<S , B- 

= |t T |2 2 f 1 - Smh2(r) ^ n T cos 2 (# T - 9 LO + 9 H + B ). (69) 

V n LO J 

Comparing fl69|) with (jUJ), we see that the norm-squared of the transmission coefficient enters 
as the quantum efficiency r\: 

V = \t T \ 2 - (70) 
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9. Direction-finding with a split detector 

Since the SNR for direct detection of a light beam is improved by squeezing (see Appendix), 
even when only a single mode is excited, one might expect that it is possible to improve the 
SNR of directional measurements using a single-mode squeezed beam and a split detector. 
As pointed out in [11], this is not the case, and one must use a beam with at least two 
transverse modes. 

9. A. Transverse modes 
9.A.I. Expansions of operators 

However many modes are in non-vacuum states, if we are to examine a detector with a 
response which varies in the transverse direction we should expand the electric field in trans- 
verse modes. (If nothing else, we may find in some situations that the expansion in tranverse 
modes is unnecessary.) 

We take the positive-frequency part of the electric-field operator to be 

{ Ti \ 1/2 

E^(t, x)=iJ2 [0 J a^Jx) e-*** u^Jx) e^, (71) 

where x is the transverse coordinate — we will only consider modes depending on a single 
transverse coordinate — and the transverse modes are indexed by m. The current operator is 



J(t, x)=Y, & *) E l +) fax), (72) 

Ufl 

where 

s u ,„ = s u JW (73) 
with W the beam width at the detector, and 

&-\t,x) = (&;\t,x)) ] . (74) 

Using dm (172) and dm 



2e V r ! k J 
9. A. 2. Mode expansion for split detector scenario 

The following approach is taken in [12]: "Let us consider a beam of light with an electric field 
distribution given by E(x). We can build an orthonormal basis of the transverse plane {u{\ 
such that u = E(x)/\\E(x)\ \ is the first vector; U\ is a "flipped" mode, given by — Uq{x) for 
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x < and Uq(x) for x > 0. . . and the other modes are chosen in order to form a basis." They 
go on to conclude that in computing the noise in a split detector, it is sufficient to consider 
only Uq and u±, ignoring the higher transverse modes. 
Since the beam width at the detector is W, 

u {x) = 1, -W/2 <x< W/2 

= otherwise (76) 



Ul (x) = -1, -W/2 <x<0 
= 1, < x < W/2 

= otherwise (77) 
9.B. Direct- detection direction-finding 

In direct detection the local oscillator beam, which induces oscillations in the photoelectric 
current when mixed with the reflected light from that target, is absent. Therefore we do not 
include the factor cos(u;#t + Oh) in the definition of the signal operator. 

Using ( flUI) . the operator corresponding to direct detection of the direction of beam arrival 
with the split detector can be written as 

S' sp = j dxe{x)- j T dtT(t,x). (78) 

Using (J75D in ([THD, 

l,p,n,k£ ,m,u,fi S. t. LUj-=LUj: 

in the limit r — ► oo. 

9.B.I. Single nonvacuum transverse mode 

The "alternative hypothesis" state, corresponding to the single mode beam being displaced 
by an amount S in the x direction (we will always take 5 > 0) is 

Wp,i>= II |0>? w h£>T. (80) 

l",p",n"^T 

The transverse mode function for the target-return mode is the even function uq(x) displaced 
in the positive- a: direction a distance 5: 

u T -i(x) = u (x - 5). (81) 
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The null-hypothesis state is the same, but with S = 0: 



From (CD and (EI]), 



Using ([?9l-(155 



and 



where 



Wp,o> = \< P ,i)s=o. (82) 
J dx e(x)\u T ^{x)\ 2 = 25. (83) 

«,ol^l^ Pl o> = 0, (84) 

,/ ,5- i ././ A = 9 ,^L- 
2e V 



Ws P ,i\S's P Ws P ,i) = ^^n T: (85) 



k = k/W. (86) 
Using (1791) - (1531 . and keeping in mind that only the T is in a nonvacuum state, 

« p ,o\S?Mp,o) E E 



fc,C,m,i/,/i S. t. = l' ,p' ,n' S. t. o;,t = ojy 



l",p",n"^T k",C,",m"^T 



[X, 



(J dx£(i)4(x)^ (>m (3;)J (J dx' e(x)uf l pl n ,(x)u T ( 

£ t,v%^s vi1 ep^yST^s,,'^ (87) 

By virtue of the constraints in the summations as well as the x, x' integrals (recall (152]) and 
(153"]) ) the only mode which can make a nonzero contribution is the odd transverse mode 
u\(x) with frequency ojt- Since this mode is in the vacuum state, we obtain 



( I At. 



/ K,h(jJ T \' 

\27oV) 



Using (1541 and (I55j). 



Varo^p, — ('0sp ) oPsplV's J j,o} — (^p.ol^spl^p.o) 2 

/ KhuJT 



Using (1541.(1551) and (1591. the SNR is 



2(P 



^ = Uu n - (90) 
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In terms of the angular displacement A8 and wavelength A of the beam and the focal length 
/ and aperture d of the detector optics, 



5 = fA6, (91) 

W = fX/d (92) 
^see, e.g., [13]), so (19"0|) can be written as 



f2dA9\ 



2 



D k, = {=r ) ilT - (93) 

The minimum discernable angular beam displacement is defined as that angle for which the 
SNR=1. From ([93]), 

^ = G) ■ (94) 

Both fl90l) and (JMJ) are seen to be unaffected by squeezing. 

(Note that this analysis, as well as the ones that follow, use the "top-hat" form Uo(x) for 
the average beam profile. A more realistic form for uq(x) and consequently for u\{x) would 
likely change constant factors such as the "1/2" in ( 1941) . but probably not the dependence 
on occupation number or squeezing parameters.) 

9.B.2. Two nonvacuum transverse modes 

We now examine a model along the lines of the experiment of [12]. That experiment uses 
a beam with a "flipped" (i.e. odd function of x) coherent mode and an even-in- a; squeezed 
vacuum mode. The beams are combined using a beam splitter which reflects most of the 
squeezed vacuum and transmits a small part of the flipped coherent beam. The coherent 
beam shifts in the transverse direction while the squeezed beam remains fixed, so we will 
refer to the squeezed beam as the "local oscillator" and the flipped coherent beam as the 
"target-return beam." Both modes have the same wavelength. So, the alternative-hypothesis 
state is 

lVVi>= II |0> rw ,h£> iO |,3>T. (95) 

T",p",n"^LO,T 

The transverse mode functions are 

u 'lo( x ) = u o( x ), ( 96 ) 

u' T {x) = Ui(x — 5). (97) 
As before, the null-hypothesis state is the same with 5 = 0: 

\i>sp,o) = |Vw)5=o- (98) 
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Using (19"6T) and (157} , 

/" rfa; £(a;)4(i)< (a:) = 0, (99) 
dx e{x)u'* LO {x)u' t{x) = \ dx e{x)u* T {x)u' lo(x) = W — 35, (100) 



dx e(x)u'* T (x)u' T (x) = 25. (101) 
Using ([THD, ([95D and fl98D- ffT0T]) . 

(^ P) o|^|^,o> = 2W (^\ {n LO - sinhV)) 1 ^ cos(^ - 9 LO ), (102) 
<Vvi|Sl p |</w> = (25n T + 2(W-35)(n LO -smh 2 (r)) 1 / 2 n 1 / 2 cos(9 T -9 LO : 

Vax S' sp = (^s P ,i\S' s l\iJ S p,i} - (tp sp ,i\S' sp \tlj spA } 2 
( Rhu 



(103) 



W 



[n LO + n T {1 + 2 sinh(r) [sinh(r) - cosh(r) cos(26> T - sg )]}) . (104) 
Choosing 6* S(? so as to minimize (I104p . i.e., so that 

cos(2# T - 6 sq ) = 1, (105) 

(11041) becomes 

Var ^ = (0} W 2 (n LO + n T e^) . (106) 

Using (pTOSD, (HHD and (HD3J, the SNR is 

/ 9 r\2 fn T - 3 (n LO - sinh 2 (r)) 1/2 n^ /2 cos(6' T - 6 LO )] 
D% = ± 7 " \ L - (107) 



In this experiment the LO mode is a squeezed vacuum, 

n LO = sinh 2 (r). (108) 

For 

n LO > 1, (109) 

(HHD implies 

e~ 2r « — *— . (110) 
4riLo 

Using (dOSD-dnoD in ffTUTD 

2 /2<5\ 2 _ / fi r 



This particular experiment isn't relevant to laser radar since it involves transmitting 
squeezed light, but the variation below is. 
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9.C. Heterodyne direction-finding 

To convert the model of the previous section into something that might be relevant for laser 
radar, we need to insure that a) squeezed light is only used in the local oscillator, and b) 
the target-return mode is not "flipped," i.e., does not contain a sharp edge in the transverse 
direction where the phase of the field changes abruptly. Such an edge would become diffuse 
over distance, due to diffraction; and it would be improbable to have it well-aligned with the 
boundary between the two halves of the split detector. In addition, c) the frequencies of LO 
and T must differ, so that they can be combined using a etalon rather than a beamsplitter. 

(Cases with smooth transition of the flipped mode are analyzed in [11]. These only yield 
factors of 0.60 and 0.94 in the minimum measurable distance compared to coherent light. 
"This modest improvement with respect to the standard quantum limit is due to the fact 
that the variation of the odd squeezed mode amplitude is too slow when one crosses the edge 
x = 0." [11]) 

According to [12], switching which mode, squeezed or coherent, is the flipped one makes 
no difference (in the homodyne situation considered in that reference; see previous section). 
So here we consider a squeezed local oscillator with an odd transverse mode function fixed so 
that the abrupt phase transition always coincides with the split in the detector (x = 0). The 
target return beam is taken to be coherent with a flat transverse profile, which is displaced 
from symmetry about x = by an amount 5 > 0. That is, 

ulo{x) = ui(x), (112) 

ut{x) = u (x — 5), (113) 

The signal operator is 

S„ = f dxe(x)- dtcos(u H t + 6 H )T(t). (114) 

J T JO 

Using (J7SD in ffl~T4l) 



s sp — ^2 



4.£ V I v 1 k ' l 'p' n k ^' m 

e-^-^n (J dx e{x)ul p n {x)u^ m {x)) ej^^s^. (115) 

The expressions for the states are the same as in the homodyne case (eqs. ( 1951) and ( 1981) ). but 
with different transverse mode functions (11121) and (11131) . and of course different frequencies 
for the LO and T modes. 

An analysis along the lines of that in the previous section shows that 

(*psp,o\S S p\ipsp,o) = W ^~^ { n LO ~ sinh 2 (r)) 1 n] /2 cos{6 t - 9 LO + 6 H ), (116) 
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<^ sp ,i|4>lVw> = (W -5)^(n L o-smh 2 (r)) 1/2 n 1 t /2 cos(e t -e LO + e H ) J (117) 

Var S sp = W 2 (J^J {2n LO 

+2n T [1 - sinh(r) (- sinh(r) + cosh(r) cos(20 - 6 sq + 29 H ))] } (118) 
Minimizing this by setting 9 sq so that 

20 - sg + 20# = 27rn, n = 0,±l,±2,... (119) 

we obtain 



Var S sp = 2W 

The SNR is then 



2 r 



Ue Vl 



(120) 



D s ap = ((i'sp,i\S S p\^sp,i) - (i'sp,o\S S p\^sp,o}) /Var 5 s 

2 / i sinh 2 (r) 

' n T cos 2 (0 T -0 LO + 0H), (121) 



using (EI]), ([92]), jllSD, (HI7D and (EDI). 

The largest value of the 2nd factor in parentheses in (11211) is unity, which can only be 
reached by increasing n LO so that 

n T /n L o -> 0, (122) 
sinh 2 (r)/n i0 -> 0. (123) 

The latter limit will be approached faster for smaller r. There is presumably no practical 
limit to how large the local-oscillator signal can be made relative to the target-return signal 
in a laser radar system. So, there is no reason to do squeezing. 

Essentially the same result is obtained taking the transverse functions for both LO and T 
to be even (m (x)): 

2 / i smh 2 (r) 



= 2 (jf) 1+ L ( r + ° e - 2r) I nr cos' (0 T -9 LO + 9 H ). (124) 



10. Heterodyne phase change estimation 

Consider again the heterodyne target scenario of Sec. El and take the null-hypothesis state 
to be the alternative-hypothesis state of that section: 

\^) = \p)tMlo n i%c- ( 125 ) 
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Take the alternative-hypothesis state to be 



\^i, Ph ) = w^) T \a^) LO n 1°) 



(126) 



k,&T,LO 

I. e., the null hypothesis is that there is a target present at a distance such that the phase 
of the target-return signal at the detector is arg /3; the alternative hypothesis is identical to 
the null hypothesis, but with a value of the phase differing by an amount S9t- 

The SNR for discrimination between these two hypotheses — i.e., for detecting a small 
change in the phase of the target-return signal — is 



n 2 



\vh\S\t\)\#h) - {ipo, P h\S\ilJo,ph}) /V&T , p hS. 



where 



Var 0tPh S = (^i,ph\S 2 \ipi, ph ) - (^i,ph\S\iJi,phY x 



(127) 



128) 



Using ©, J2U, (USD, (H25D and ([126]), 

(4>i,ph\S\4>i,p h ) - (ipo,ph\S\ipo, P h) 
kTuo 



2e V 
-59 T 



\a\\P\ (cos(fl T + 56 T - 9 LO + 9 H ) - cos(6 T - 9 LO + 9 H )) 

' \ a \\(3\sm(e T -e LO + e H ). 



2e n V 



(129) 



for small 59 T . Using flTT), QX25) and (TE 

/ K.huj \ 2 

V£LT ,phS = 2 



{n L o + n T {1 + sinh(r) [sinh(r) - cosh(r) cos(2# r - 9 sq + 26 H )}}) (130) 
Minimizing this by taking 9 sq to satisfy 

29 T -9 sq + 9 H = 2irn, n = 0, ±1, ±2, . . . (131) 

we obtain 



Vax 0)Ph S = 2 
Using (H27D, PHD and (JI32I), 



D 2 ph = 2 (69 T ) 



My) 



n L o 



rix 



1 + e 



-2r 



(132) 



sinh 2 (r) 



1 



2n L o 



1+e" 2 ' 



2n 



n T sin 2 (9 T - 9 LO + 9 H ) 



(133) 



As per the discussion at the end of Sec. I9.CI there is nothing to be gained by squeezing 
the LO. 
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11. Balanced detection 

In balanced detection [14, 15], the LO and T beams each enter through one of the input 
ports of a 50/50 beamsplitter, and the signal is the difference of the photoelectron currents 
at detectors at the two output ports. 

Operators corresponding to modes of the beams entering the input ports of the beam- 
splitter will be denoted by subscripts "(LO)" and "(T)." Operators corresponding to modes 
of beams leaving the exit ports will be denoted by subscripts "tr" and "re/" (respectively 
"transmitted" and "reflected" relative to the target-return beam). Then 

^(re/),fc,C = ™(T),fc,C + * ^(LO),fc,C (134) 
®(tr),k,C = ^{T),k,C + r ^(LO),k,C (135) 

Using f)134p and (11351) in ([7j), the current operators at the two photodetectors are, respec- 
tively. 



h 

2 

lp,k(^,up 



V)(*)= E ^v(^r) 1/2 ^-^ 



£ T,p,v £ k£,p S vH 



^^(T^/Cnfe.C + T '* t a \ L 0)lp a {T)k + t * T ' a \T)lp a {LO)k + \ r '\ 2a lLO%p a (LO)k,C ) ' 



2e V 

lp,k(,vp 



(l r | 2a (T)/;p a (T)fc,c + *'* r a (Lo)f P V)fcC + r **' a [r)f P a (iO)fcc + l^'I^LO^p^cOfc.c) • ( 137 ) 
The operator corresponding to the difference between the currents at the two detectors is 

1 {diff){t) = I{tr){t) - I(ref)(t)- (138) 

From (USSD-dnED, 

W)W = ^E (^^) 1/2 ^ ( ^-^^p,^, c ,p^. 



lp,k(,vp, 



\LO)lp a (T)k 



((l t l 2 -l r l 2 ) s kp S (mc+(^-^) s Jz 

(fV - rV) S^j. 3 (xo)St + Of - |tf ) 3^3^) , (139) 



which simplifies to 



lp,k(,up 



W*) = ~\ E ^7 K^) V2 ^ ^^^^ 



a (LO)fp a (T)fcC a (T)fp a (iO)fcC ) 
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when the transmission and reflection coefficients are chosen appropriate to the balanced case; 
specifically, 

t = t' = 1/V2, (141) 
r = r' = il Vz. 



(142) 



!/ 2 • 1 \a 



The heterodyne signal operator is 

- 1 r T - 

Sbal-het = ~ dt C0S(U H + Oh) I(bal)(t) 

r Jo 

— — i \LUrLUr) 

lp,k(,up S. t. — lu^\=u>h 
a \LO%p a {T)k,C ~ a \T%p a {LO)k,c) ■ 



The null-hypothesis and alternative-hypothesis states are, respectively, 



e i,p,u £ k,C,,p Su ^ 



(143) 



ivw,o> = n 1°) 



A",p" 



(T)l",p" 



( 



( \ 

n 10) 

\k",C"^LO J 



(LO)LO, 



II \®)(T)P',p" 
\l",p"^T 

Using ([USD- ([USD the SNR is found to be 



II \ Q )(LO)k",C" I \ a iP)(LO)Lo\f3)(T)T, 
\k",C"^LO 



(144) 



(145) 



D 



bal—het 



2 1 



sinh (r) 

n L o 



n T sin (8 T - LO + 9 H ). 



(146) 



For homodyne detection, the signal operator is 

1 r 
r Jo 



bal—hom 



dt I(bal) (t) 



E 



lp,k^,up S. t. uif=cj£ 



flUJf 



a] {LO%p a {T)k,C a \ T )T,p a (LO)k,< J ■ 



(147) 



The states |Vw,o) an d \i>bai,i) are the same as in the heterodyne case, with of the course 
The resulting SNR is 



Dbal-hom. — ^ 1 



sinh (r) 



n T sin (8 T - LO ) ■ 



148) 



Neither (11461) nor (11481) is improved by squeezing. 
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Appendix: Direct target detection 

A.l. Signal-to-noise ratio 

The states for H and Hi are, respectively, 



and 

w> = i«,0t n io>fc, c - ( A -2) 

The signal operator is 



£' = t- 1 f T alt T(t) 
Jo 



Too 

l,p,k,^,fi,i/ S.t. iOr= 0Jt 



S ^7 % S fc,C £ «> £ fc,o/^- ( A " 3 ) 



(See comments at the beginning of Sec. 19. Bl ) Since the variance of the signal (1A-3[) vanishes 
in the state (1A-lj) . the definition of the equivalent signal-to- noise ratio must be changed to 



y2 [E{g\H x ) - E( g\H )} 2 
Vaiig 



with 

Var l5 = EtflHj - [£(s|#i)] 2 . (A-5) 

This a reasonable definition, since variance in the signal under either hypothesis will con- 
tribute to detection errors. Taking g — S' and using (1571) and flA- l[) - (]A-4j) . 

D'l = — (A-6) 
var sg (n T ) 

where var sq (riT) is the variance of fir in the squeezed state, 

var sq (n T ) = T (a, £\n 2 T \a, £) T - ( T (a, £|nr|a, Or) 2 ■ (A-7) 

For suitable choice of parameters of the squeezed state, vax sq (riT) < nr- So squeezing can 
improve direct-detection SNR. For |a, 

var sg (n T ) = (n T - sinh 2 (r))| cosh(r) - e^i-^r) s i n h(r)| 2 + 2cosh 2 (r) sinh 2 (r) (A-8) 

(see, e.g., [8]), where 9t is as given in fTSTl) and 6 sq is defined by 

^ = re ids ". (A-9) 
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To minimize (1A-8j) set 9 sq so that 

9 sq - 29 T = 2nn, n = 0, ±1, ±2, . . . , (A-10) 

so 

vax sq (nr) = (ut — sinh 2 (r))e _2r + 2cosh 2 (r) sinh 2 (r) (A-ll) 

and 

— 2 

S (nr — sinh 2 (r))e _2r + 2 cosh 2 (r) sinh 2 (r) ^ 
Suppose the amount of squeezing, as quantified by the values of r, is much less than the 
maximum allowed: 

sinh 2 (r) < n T . (A-13) 

Then (1A-12D becomes 

D'% = n T e 2r . (A-14) 

For large ny and r, 

sinh 2 (r) rs cosh 2 (r) rs ^e 2r , (A-15) 

so, with flA7T3l) . 

e 2r < 4n T . (A-16) 
An upper bound on the SNR is therefore, using (I A- 141) and flA-16j) . 



D'% < An 2 T . (A-17) 

Quantum efficiency in direct detection 
Using (1571) in (1A-3I) . the direct-detection signal operator is 

/ hur. \ 



^ = £ 



(ir 2| , r + rr at ) fe/-<V ^r, + rr >2, (A-18) 

v Z,P (in)Z,p Z,p (vac)l,p J v fc,C (H fc .C fc,C (vac)k,C,> l,p,u k,C,fJ, V V 



The states are 

iV'B.o) = l^(m),o)l^(mc), ), (A-19) 

I^i) = I4),i)^M,o)> (A-20) 

where 

l^n),l) = II l°Wc l«'0(in),T (A-22) 
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and with |^( mc ),o) as given in (IfJTj) . 
Using (E3D, (ESD, and (EH])-(E22D, 



^ = |tT|2 ^T ) ' r , ^ (A-23) 

b \t T \ 2 vai sq n (in ) tT + (1 - |t T r) ™(m),T 



where var^n^)^ is given by (1A-7I) with n T — > n^ n ) >T . Comparing with (1A-6|) we see that 



nonunity quantum efficiency, 77 = \tr\ < 1, shifts the statistics of the noise towards those of 
coherent-state light (variance=ri(j ri ) i <r)- 

A. 3. Loss limits squeezed-light improvement in direct detection SNR 

The analysis of Sec. A.l shows that the use of squeezed light can improve direct-detection 
SNR compared to that obtained with coherent light. From Sec. A. 2 above we can see that 
the presence of loss places a limit on the amount of improvement which is possible. 
For coherent light, 

var s<? n( in ) iT -> var co/l n (iri ) iT = n (in ) iT , (A-24) 

so, from flA723l) . 

D% - D%_ coh = \t T \ 2 n M , T . (A-25) 
So the improvement in SNR obtained by using squeezed light is 



n' 2 

u s' B n {in)iT 



D 's' B -coh Itrl 2 var sg n (in)iT + (1 - \t T \ 2 ) n (in) , T 1 - |t T | 
since var sq n {in):T > 0, or 



D 



D's' B -coh L 



< - (A-27) 



where the loss L is 



L = 1 - |t T | 2 = l- v (A-28) 

by <m- 
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